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Abstract. For the noncommutative Yang-Mills 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the level of classical noncommutative eld theories. In the covari-
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eld is -dependent according to
a rst-order dierential equation and thus can be parametrized by
its initial value at  = 0, i.e. a gauge eld living on commutative
space-time.
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In noncommutative eld theory one of the greatest surprises is the existence of the so-
called Seiberg-Witten map [1]. The Seiberg-Witten map was originally deduced from the
observation that dierent regularization schemes (point-splitting vs. Pauli-Villars) in the
eld theory limit of string theory lead either to a commutative or a noncommutative eld
theory and thus suggest an equivalence between them.
A particular application of the Seiberg-Witten map is the construction of the noncom-
mutative analogue of gauge theories with arbitrary gauge group, which automatically leads
to enveloping algebra-valued elds involving innitely many degrees of freedom [2]. The
Seiberg-Witten map solves this problem in an almost miraculous manner by mapping the
enveloping algebra-valued noncommutative gauge eld to a commutative gauge eld with
nitely many degrees of freedom.
The renormalization of noncommutative Yang-Mills (NCYM) theories is an open puz-
zle: Loop calculations [3] and power-counting analysis [4] show the existence of a new type
of infrared divergences. The circumvention of the infrared problem by application of the
Seiberg-Witten map leads to a power-counting non-renormalizable theory with innitely
many vertices. In an earlier work [5] we have proven the two-point function of -expanded
noncommutative Maxwell theory to be renormalizable to all orders. However, to show renor-
malizability of allN -point functions one cannot proceed without strong symmetries that limit
the number of possible counterterms. In particular, one needs to nd a symmetry that xes
the special -structure of the -expanded theory.
The intuition that the symmetry searched for is related to space-time symmetries leads
us to an investigation of rigid conformal symmetries (translation, rotation, dilatation) for
NCYM theory characterized by a constant eld  . The term rigid means that the factor Ω
in the conformal transformation (ds0)2 = Ω2ds2 of the line element is constant. The reason
for this restriction is that  has to be constant in all reference frames.
It turns out that besides the standard (primitive) representation of the conformal group
there exists a covariant representation, which is loosely related to the improvements which
allow to pass from the canonical energy-momentum tensor to the symmetric and traceless
one. It is in a rst step obtained by replacing coordinates and partial derivatives by covariant
coordinates and covariant derivatives. Covariant coordinates were introduced in [6] by the
requirement that under gauge transformations the product of a coordinate by a eld should
transform in the same way as the eld itself. They reflect the fact that in noncommutative
eld theory internal and external space cannot be separated.
However, this covariantization of the conformal transformations neither leaves the non-
commutative Yang-Mills action invariant nor leads to a representation of the conformal
group. Instead, demanding covariant Lorentz invariance of the action forces the noncom-
mutative gauge eld to be -dependent in a manner given exactly by the Seiberg-Witten
dierential equation [1]. The influence of the -dependence is threefold: It ensures Lorentz
invariance of the NCYM action, closure (up to gauge transformations) of the commutator of
covariant conformal transformations and gauge-equivalence to the primitive representation
of the conformal group. In other words, the Seiberg-Witten map is the equivalence between
the primitive and the covariant representation of the conformal group on the level of non-
commutative gauge-invariant action functionals. One is free, however, to parametrize the
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noncommutative gauge eld A^ in the covariant representation by its initial value at  = 0
for the rst-order Seiberg-Witten dierential equation, i.e. by a gauge eld A on a commu-
tative space-time with dynamics given by -expansion of the NCYM action. In the primitive
representation the gauge eld is independent of  and cannot be directly expressed in terms
of commutative elds. Thus, the connection between the primitive representation of NCYM
theory and -expanded Yang-Mills theory in the primitive representation has to pass through
the covariant representations.
This Seiberg-Witten equivalence has a meaning only for gauge-invariant action function-
als. The construction of a quantum eld theory requires in particular a gauge-xing in
order to dene the propagator. Whereas this is straightforward for the noncommutative and
commutative primitive representations, no gauge-xing which is invariant under covariant
conformal transformations is known to us, not even for  = 0. The problem can be traced
back to the fact that the covariant representation closes only up to eld-dependent gauge
transformations, which resemble Schwinger terms in external eld problems [7], but in fact
are much more complicated. For gauge-invariant classical actions these Schwinger-like terms
are irrelevant whereas a quantization procedure (gauge-xing) able to deal with them is
missing.
This means that there are two quantum eld theories associated with the NCYM action.
The rst one is obtained by gauge-xing in the noncommutative primitive representation and
the other one by gauge-xing of the -expanded NCYM action regarded in the commutative
primitive representation. The second approach was adopted in [8, 5]: Take the Seiberg-
Witten expansion of the NCYM action as a very special type of an action for a commutative
gauge eld A coupled to a constant external eld 
 , regard it as invariant under primitive
conformal transformations, and quantize it in the ordinary way (with the linear gauge-xing
in [8]). It is not completely clear in which sense this is equivalent to the rst approach of a
direct quantization of the noncommutative Yang-Mills action. The infrared problem found
in the noncommutative quantum eld theory [3, 4] and its absence in the approach of [8]
shows the inequivalence at least on a perturbative level.
The paper is organized as follows: First we recall in Section 2 necessary information about
noncommutative eld theory and covariant coordinates. After a review of rigid conformal
symmetries in the commutative setting in Section 3 we extend these structures in Section 4
to noncommutative Yang-Mills theory, deriving in particular the Seiberg-Witten dierential
equation. In both the commutative and noncommutative case we have to distinguish between
primitive and covariant representations. In Section 5 we relate the NCYM theory to a gauge
eld theory on commutative space-time coupled to a constant external eld . We derive in
particular the relations between the symmetry transformations in both worlds. In Section 6
we comment on quantization and Section 7 contains the summary. It could be useful to
start reading with Section 7 where a symbolical form of the various representations derived
in this paper is given. Longer calculations are delegated to the Appendix.
2 Noncommutative geometry and covariant coordinates
In this section we give a short introduction to noncommutative eld theory and the concept
of covariant coordinates. We consider a noncommutative geometry characterized by the
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algebra
[x; x] = i ; (1)
where  is an antisymmetric constant tensor. The noncommutative algebra is represented
on a commutative manifold through the ?-product












µνkµpν ~f(k) ~g(p) ; (2)
where f(x) and g(x) are ordinary functions on Minkowski space and ~f(p) and ~g(p) their
Fourier transforms. Denoting the ordinary (commutative) coordinates by x we have
[x; x ]?  x ? x − x ? x = i : (3)
Let us now consider an innitesimal gauge transformation G of a eld (x),
G(x) = i(x) ? (x) ; (4)
with (x) being an innitesimal gauge parameter. As usual one chooses the coordinates to
be invariant under gauge transformations, Gx = 0. However, with this construction one




 6= i(x) ? (x ? (x) : (5)
The solution of this problem, which was given in [6], is to introduce covariant coordinates
X^  x1 + A^ ; (6)










The requirement (7) leads to the transformation rule for the eld A^(x)
GA^(x) = @(x)− i[A^(x); (x)]?  D^(x) ; (8)
and A^(x) is interpreted as a noncommutative gauge eld. In this way gauge theory is seen to
be intimately related to the noncommutative structure (3) of space and time. The covariant




= i + iF^ ; (9)





is the noncommutative eld strength.
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3 Rigid conformal symmetries: commutative case
The Lie algebra of the rigid conformal transformations is generated by fP ;M ; Dg and the
following commutation relations:
[P ; P] = 0 ; [D;D] = 0 ;
[P ;M ] = gP − gP ; [P ; D] = −P ;
[M ;Mγ] = gγM − gγM − gMγ + gMγ ; [M ; D] = 0 : (10)
A particular representation are innitesimal rigid conformal transformations of the coordi-
nates x,
(x)T = (1 + ax(P ))x
 +O(a2) ; x(P ) = @ (translation), (11)
(x)R = (1 + !x(M))x
 +O(!2) ; x(M) = x@ − x@ (rotation), (12)
(x)D = (1 + x(D))x
 +O(2) ; x(D) = −x@ (dilatation), (13)
for constant parameters a ; !; .
A eld is by denition an irreducible representation of the Lie algebra (10). In view
of the noncommutative generalization we are interested in the Yang-Mills eld A and the
constant antisymmetric two-tensor eld  whose representations are given by










































−2(P ) = W T;
 W T; := 0 ; (17)
−2(M) = WR;








−2(D) = WD 

















1The translation invariance ρ−2(Pτ )θµν = 0 qualies θµν as a constant eld. It takes however dierent
(constant!) values in dierent reference frames. The necessity to have a constant eld in the model forces
us to restrict ourselves to rigid conformal transformations. Local conformal transformations as in [9] are
incompatible with constant elds. In particular, the special conformal transformations Kσ are excluded




in (20) ensures the same rotational behaviour of the spin indices in (15) and
(18). The Yang-Mills action









for F = @A − @A − i[A; A ] being the Yang-Mills eld strength and g a coupling
constant, is invariant under (14){(16).
Let us call the transformations (14){(16) primitive conformal transformations. It is









; D = @  −i[A; ] ; (22)
we can rewrite the representations 1 in (14){(16) in a manifestly covariant form, which we
therefore denote covariant conformal transformations:

































The eld-dependent gauge transformations are given by
~W TA;A = W
T
A;A −DA ; (26)
~WRA;A = W
R
A;A −D(xA − xA) ; (27)
~WDA A = W
D
A A −D(xA) : (28)
By explicit calculation one veries that f ~W TA; ; ~WRA;; ~WDA g are|up to gauge transformations
(22)|still representations of the Lie algebra (10). It follows from (26){(28) that the covariant
transformations (23){(25) preserve the Yang-Mills action (21).
We shall see in Section 4 that both the primitive conformal transformations (14){(16)
and the covariant conformal transformations (23){(25) have noncommutative analogues.
4 Rigid conformal symmetries: noncommutative case
4.1 Primitive conformal transformations
We rst generalize the primitive (rigid) conformal transformations (14){(16) to noncom-

























































:= U ? V + V ? U is the ?-anticommutator. It is important to take the
symmetric product in the \quantization" x@A 7! 12fx; @A^g? .
Applying WR
A^;
to the noncommutative Yang-Mills eld strength F^ = @A^ − @A^ −






fx; @F^g? − 12fx; @F^g? + gF^ − gF^ + gF^ − gF^
− 1
2
  f@A^; @A^g? + 12  f@A^; @A^g?
+ 1
2
  f@A^ ; @A^g? − 12  f@A^ ; @A^g? ; (32)
which is not the expected Lorentz transformation of the eld strength. However, we must
also take the -transformation (17){(19) into account, which acts on the ?-product in the
A^-bilinear part of F^ . Using the dierentiation rule for the ?-product












(@U) ? (@V )− (@U) ? (@V )

; (33)
which is a consequence of (2) and (20), together with
@A^
@
= 0 ; (34)






fx; @F^g? − 12fx ; @F^g?
+ gF^ − gF^ + gF^ − gF^ : (35)










+ 2F^ : (36)
It is then easy to verify that the noncommutative Yang-Mills (NCYM) action
^ = − 1
4g2
Z
d4x tr(F^  ? F^) (37)
is invariant under noncommutative primitive translations, rotations and dilatations2:
W T
A^+;
^ = 0 ; WR
A^+;
^ = 0 ; WD
A^+
^ = 0 ; (38)
2In [10] we have shown that an identity like WDφ ^− 2θµν(∂^/∂θµν) = 0 exists for dilatation in the case





























































− gγWRA^+; − gWRA^+;γ + gWRA^+;γ : (40)
This means that the noncommutative gauge eld A^ is an irreducible representation of the
conformal Lie algebra (10). It is remarkable (and not anticipated) that the conformal group
remains the same and should not be deformed when passing from a commutative space to a
noncommutative one whereas the gauge groups are very dierent in both cases. This shows
that the fundamentals of quantum eld theory|Lorentz invariance, locality, unitarity|have
good chances to survive in the noncommutative framework.
In particular, the Wigner theorem [11] that a eld is classied by mass and spin holds.
The conformal Lie algebra is of rank 2, hence its irreducible representations  are (in non-
degenerate cases) classied by two Casimir operators,
m2 = −(P )(P ) ; s(s+ 1)m2 = −W W ; (41)
where
W  = −1
2
(P )(M) (42)
is the Pauli-Ljubanski vector and m and s mass and spin of the particle, respectively. In our
case of A^ we nd
m2A^ = −@@ A^ ; W WA^ = 2(g@@ − @@ )A^ + 0 @@ A^ ; (43)
which means that the transverse components of A^ have spin s = 1 and the longitudinal
component spin s = 0.
4.2 Covariant conformal transformations
In contrast to the primitive noncommutative conformal symmetries, the covariant noncom-
mutative conformal symmetries are very involved to verify. We therefore give more details
in this case than in the previous section. The idea is to add eld-dependent gauge transfor-
mations to (29){(31). For pedagogical reasons we will derive these transformations step by
step instead of giving immediately the nal result.
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Let us make the following ansatz for Ward identity operators for translation, rotation
















































The covariant coordinates X^ were dened in (6). Again the symmetric product is essential.
It is not surprising that the Ward identity operators (44){(46) alone are not useful at all.
They neither are representations of the Lie algebra (10) nor (except for translation) leave
the NCYM action (37) invariant:
~W T
A^;









































resembles (but is not) the energy-momentum tensor. The calculation uses however the
symmetry T^ = T^ (a consequence of the symmetrical product in (45)) and tracelessness
gT^ = 0. We give in Appendix A details of the computation of (48).
As in section 5.1 we expect that taking the -variation (17){(19) into account it is possible



























which cancels only a part of (48). The same is true for the dilatation. The only way out is
to require that A^ depends on . As we show in Appendix B, demanding
~WR
A^+;
^ = 0 (52)





















^ = 0 : (54)















+ ~WD ; (55)
where ~W ? is the same as W
?
 in (17){(19), but reminds us that A^ is -dependent according
to (53).
4.3 The relation between primitive and covariant conformal transformations













are related by eld-dependent gauge transformations. Inserting the Seiberg-Witten
































This means that the Seiberg-Witten dierential equation is not more than the missing piece
to complete the dierence between the primitive conformal transformations (29){(31) and



































] = g ~W
T
A^+;





] = gγ ~W
R
A^+;
− gγ ~WRA^+; − g ~WRA^+;γ + g ~WRA^+;γ ; (60)
have to be fullled, again up to gauge transformations (59). The direct verication of (60)
turns out to be extremely lengthy. We list the individual commutators of the various Ward
identity operators ~W ?
A^
and W^ ? in Appendix C. Summing them up
3 according to (55) shows
that the commutation relations (60) are indeed satised.
This means that the noncommutative gauge eld A^ forms two dierent irreducible rep-
resentation of the conformal Lie algebra (10). According to (56){(58) the dierence between
3We stress that|as with Lorentz invariance of the NCYM action|the sum (55) of the Ward identity
operators must be used; the commutation relations of the individual operators ~W ?
Aˆ
and ~W ?θ do not close.
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both representations is only a gauge transformation and as such not relevant for gauge-
invariant action functionals. In other words, the two representations are gauge-equivalent,
and this gauge-equivalence is precisely the Seiberg-Witten map. We stress that the Seiberg-
Witten dierential equation has a meaning only in connection with covariant coordinates
[6].
It is clear from the construction that this equivalence is manifest on the noncommutative
level alone. There is of course the possibility to parametrize the noncommutative gauge eld
A^ in the covariant representation by its initial value A at  = 0 in connection with the
rst-order dierential equation (53). There is at rst sight no reason why the initial value
A is a gauge eld. We shall see however in Section 5.1 that the gauge theory involving
the noncommutative Yang-Mills eld A^ is completely determined by a gauge theory for the
initial value A on commutative space-time, and this was historically the way the Seiberg-
Witten map appeared [1].
5 -expansion
5.1 Gauge equivalence
The Seiberg-Witten dierential equation must also hold for the innitesimally gauge-
transformed Yang-Mills eld in the covariant representation
























































One solution of the dierential equations (53) and (63) is found by Taylor expansion. For
any suciently regular functional Γ[A^; ^; ] we have the identity





11    kk
 @kΓ[A^; ^; ]




where each -derivative is replaced by the right hand sides of (53) and (63). We can now












Inserted into (64) we get
































is just the Ward identity operator for gauge transformations in a commutative gauge theory.
Thus, (66) is the celebrated Seiberg-Witten gauge equivalence between a commutative and
a noncommutative Yang-Mills theory [1]. As we have seen, however, the true origin is the
gauge equivalence between the primitive and covariant representations of the Lie algebra of
conformal transformations for the noncommutative gauge eld.
5.2 The -expanded Ward identities for the covariant conformal transformations
According to the previous subsection, the covariant representation of a noncommutative
Yang-Mills theory is completely determined by a commutative gauge theory. Here we expand
the Ward identities of covariant conformal transformations in the same way. For this purpose
we have to compute the A^-variation and the -variation of the commutative gauge eld A
according to

































We distinguish between the explicit -dependence of Γ[A^[A; ]; ] (the last line in (68)) and
the implicit -dependence of the gauge eld4 A[A^] according to the Seiberg-Witten dierential






















^ 7!   −   +  −  for -rotations,
4It could seem surprising at rst sight that the commutative gauge eld Aµ has any type of θ-dependence.
The reason is that under a noncommutative rotation the Seiberg-Witten dierential equation is transformed















the commutative gauge eld A is dened as the kernel of n applied to A^. Taking the
Seiberg-Witten dierential equation into account, this denition is constructive: Dening
nA^ =: 




we have the solution








11    kkA(k);11;:::;kk : (72)
We clearly use the identication (1 + n)
−1  P1k=0(−1)knk . With these preparations we
can evaluate (68), with the following result:
Theorem Acting with the noncommutative covariant conformal transformations (trans-
lation, rotation, dilatation) on gauge-invariant action functionals Γ[A^; ] and applying the
Seiberg-Witten map is identical to the action of the commutative covariant translation, ro-
tation and dilatation operations, respectively, on Γ[A^[A; ]; ].
The proof is given in Appendix D. The rst step is to realize that|apart from the
commutative covariant conformal transformation of A|in each term of the -expansion
of ~W^A according to the second line of (68) there appears the commutator
5 ~W^(nA^) −
n( ~W^A^). But this commutator is nothing but a part of the extremely lengthy verication
of the representation property (60) performed in Appendix C and has the answer
~W^(nA^)− n( ~W^A^) = D^^ (73)
for certain functionals ^[A^; ]. Then the Seiberg-Witten gauge equivalence (66) is used
to rewrite D^^ in terms of the commutative covariant derivative D (no ?-product in
the commutator) of some functional [A^; ^; ]. Finally, the remaining operations of n on
D do not touch D and result in the gauge transformation of A with gauge parameter
0[A^[A]; ^[A]; ]. On gauge-invariant functionals Γ this gives no contribution and only the
commutative covariant conformal transformation (23){(25) of Γ remains.
The result formulated in the Theorem shows that with the noncommutative conformal
symmetries there are|after Seiberg-Witten map|no further symmetries associated than
the standard commutative conformal symmetries in their covariant form. This means that
the noncommutative conformal symmetries do not give any hints for the renormalization of
noncommutative Yang-Mills theories.
5It is essential here that in the case of rotations the sum ~WAˆ;αβ + ~Wθ;αβ is used, the individual rotations
of A^ and θ do not give a symmetry on the commutative level. Furthermore it follows that WDθ Aµ = 0.
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6 Quantization
The equivalence between primitive and covariant representations of the Lie algebra of con-
formal transformations holds only for gauge-invariant action functionals. In quantum eld
theory such a restriction is not possible because the propagator would not exist. One has to
break gauge invariance and to promote it to BRST invariance. Let us study this gauge-xing
for the primitive and the covariant conformal transformations.
6.1 Gauge-fixing for noncommutative primitive representation of the conformal group
The noncommutative Yang-Mills theory is enlarged by the elds c^; ^c; B^ which transform













































































































The noncommutative BRST transformations are given by
s^A^ = D^c^ ; s^c^ = −ic ? c ; s^^c = B^ ; s^B^ = 0 : (77)


















^gf = 0 ; W
R
A^+c^+^c+B^+;
^gf = 0 ; W
D
A^+c^+^c+B^+
^gf = 0 : (79)
Loop calculations based on ^ + ^gf in (37) and (78) suer from infrared divergences [3].
6.2 Gauge-fixing for commutative primitive representation of the conformal group
The -expanded Yang-Mills theory is according to Section 5.2 rst obtained in the covariant
representation (23){(25) for the commutative gauge eld A. As we shall see in Section 6.3, a
quantization respecting this representation faces enormous diculties. One can use however
the gauge equivalence (26){(28) on commutative level to pass to a -expanded Yang-Mills
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theory in the commutative primitive representation. It is quantized according to the analo-
gous formulae as in Section 6.1, omitting everywhere the hat symbolizing noncommutative
objects and replacing the ?-product by the ordinary product. This approach was used in [8]
to compute the one-loop photon selfenergy in -expanded Maxwell theory and in [5] to show
renormalizability of the photon selfenergy to all orders in h and .
6.3 Quantization for covariant representations of the conformal group
The dierence between primitive and covariant conformal transformations was a set of gauge
transformations labelled by the Lorentz indices of the transformations, which disappeared for
gauge-invariant action functionals. The gauge-xing action (78) being not gauge-invariant,
there is no possibility to write down a gauge-xing action which is invariant under covari-
ant conformal transformations. This can be seen as follows: Already for translations, the














see (C.15). If the action functional Γ is not gauge invariant, ~W T
A^;
Γ = 0 is not possible. The
only way out is a compensation by translational transformations of additional elds. The
standard ghosts c^; ^c; B are not sucient. The situation is not better in the commutative
-expanded case.
In other words, one has to invent a quantization procedure adapted to the covariant
conformal representation. The anomalous terms in the commutation relation for action
functionals which are not gauge-invariant are a serious problem. Even the quantization of
much simpler situations with anomalous terms has not been solved so far [7].
7 Summary and outlook
We have established rigid conformal symmetries for noncommutative Yang-Mills theory. Our

























To the noncommutative Yang-Mills theory with classical action (37) there exist two repre-
sentations of the Lie algebra of the conformal group: the primitive representation [NCYM]
dened in (39) and the covariant representation [ gNCYM] dened in (55). Both are related
by a gauge equivalence ? according to (56){(58). Both the primitive and the covariant rep-
resentations describe the same physics of a noncommutative gauge eld theory associated
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with a given constant eld  . Of course observers in dierent reference frames will measure
dierent values for the elds.
In the primitive representation [NCYM], the value of the elds depends only on the
zero-point shift and the relative rotation angle between the observers as well as the ratio
of the scales they use. In the covariant representation [ gNCYM], however, the value of the
gauge eld A^ in another reference frame depends not only on the transformation matrix
of the coordinates but also on the value of  . The -dependence is given by a rst order
Seiberg-Witten differential equation (53). This must be seen as follows: A gauge eld is an
equivalence class of representatives which dier by a gauge transformation, or|in a bre
bundle language|by a shift along the same bre. Having coinciding representatives of the
gauge eld for the primitive and covariant representations in one frame, these representatives
appear to be separated by a gauge transformation (a shift along the bre) for another
observer. But physically the gauge eld in [NCYM] or in [ gNCYM] is the same for both
observers. The essential step is now to regard the Lorentz transformation of the gauge eld
in [ gNCYM] relative to a transformation involving covariant coordinates [6], see (44){(46).
This covariant transformation alone has no physical meaning, it leaves in particular the bre.
This in turn means that the dierence between the covariant reference transformation and
the true Lorentz transformation in [ gNCYM] receives a horizontal component in the bre
bundle picture: The Seiberg-Witten dierential equation describes a general gauge eld and
not only pure gauge.
Therefore, we can now abuse the Seiberg-Witten dierential equation as an evolution
equation, by means of which one relates the above NCYM theory to a gauge eld theory
on a commutative space-time. The gauge eld A of that theory is the initial value of
the above noncommutative Yang-Mills eld A^ for the Seiberg-Witten evolution equation
[1]. The dynamics for A are however not the dynamics of a Yang-Mills theory but of
a Yang-Mills theory coupled to a constant external eld  given by -expansion of the
NCYM action. This gauge eld theory on commutative space-time is rst obtained in the
covariant representation [ gYM] with respect to the standard conformal transformations of
the commutative space-time, see Section 5.2. We have a gauge equivalence  given in
(26){(28) between the commutative covariant representation [ gYM] dened in (23){(25) and
the commutative primitive representation [YM] dened in (14){(16) of the Lie algebra of
conformal transformations. Thus, [ gYM] and [YM] describe the same physics. We stress
that [ gNCYM] determines [ gYM] (and thus [YM]) whereas [ gYM] is not sucient to describe
[ gNCYM], because the Seiberg-Witten dierential equation has to be given in addition.
Thus, the gauge equivalences ?;  and -evolution ! relate [YM] to [NCYM] on the level
of gauge-invariant actions. In this sense the physics of [NCYM] can equally well be described
in terms of [YM]. A direct relation between [NCYM] and [YM] which does not pass through
[ gNCYM] and [ gYM] cannot exist because A^ is -independent in [NCYM]. We think that
the clear distinction between primitive and covariant representations on the levels of NCYM
theory and its -expansion demysties the Seiberg-Witten map and makes the equivalence
between noncommutative and commutative gauge eld theories comprehensible.
For quantum eld theory one has to implement gauge-xing in a BRST-invariant way.
As we have seen in Section 6, this is possible for [NCYM] and [YM] but not for [ gNCYM] and
[ gYM]. This means that to [NCYM] we can associate two dierent quantum eld theories,
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[q-NCYM] and [q-YM]. Their equivalence is not completely clear. At least on a perturbative
level the quantum eld theories [q-NCYM] and [q-YM] are completely dierent.
Loop calculations [3] and power-counting analysis [4] for [q-NCYM] reveal a new type of
infrared singularities which so far could not be treated. Loop calculations [8] for [q-YM]
are free of infrared problems but lead apparently to an enormous amount of ultraviolet
singularities. This is not necessarily a problem. For instance, all UV-singularities in the
photon selfenergy are field redefinitions [5] which are possible in presence of a eld 
of negative power-counting dimension. For higher N -point Green’s functions the situation
becomes more and more involved and a renormalization seems to be impossible without a
symmetry for the -expanded NCYM-action. We had hoped in the beginning of the work
on this paper that this symmetry searched for could be the Seiberg-Witten expansion of the
noncommutative conformal symmetries. As we have seen in Section 5.2 this is not the case
and the complete renormalization of NCYM theory remains an open problem.
We have proved that the noncommutative gauge eld is an irreducible representation of
the undeformed conformal Lie algebra. This shows that classical concepts of particles and
elds6 extend without modication to a noncommutative space-time. This makes more and
more clear that the idea to live in a noncommutative world has nothing mysterious.
Of course much work remains to be done. First we have considered a very special non-
commutative geometry of a constant  . This assumption should nally be relaxed; at least
the treatment of those non-constant  which are Poisson bivectors as in [13] seems to be
possible. The influence of the modied concept of locality on causality and unitarity of the
S-matrix must be studied. Previous results [14, 15] with dierent consequences according to
whether the electrical components of  are zero or not become questionable with regard
to our noncommutative Lorentz symmetry: There is always a reference frame where 
has electrical components and another one where  is purely magnetic. Eventually the
renormalization puzzle for noncommutative Yang-Mills theory ought to be solved.
A Covariant A^-rotation of the NCYM action
Let us give here the calculations leading to the result (48). The rst input is the A^-variation













































− D^(F^); F^ }?

: (A.2)
6Of course the noncommutative spin- 12 representations for fermions remain to be derived [12].
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 ? T^ 





where we have used (50) and the derivation property of D^. Note that the total derivativeR
d4x tr(D^) in (A.4) vanishes. The result (48) follows now from
D^X^ = g + 

 F^ ; (A.5)
which is easily derived from the formulae in Section 2, and the symmetry T^ = T^.
B Derivation of the Seiberg-Witten differential equation
We have with (A.1)































where rhs(51) stands for the right hand side of (51) and comes from the explicit -dependence
of the ?-product according to the last term in (33). Inserting (48), (51) and (B.1) into (52)
and splitting the result into the independent parts with coecients =g
2 and =g
2 we






























































































































where we have used several times cyclicity of the trace, the identity F^ = @A^− D^A^ and
the antisymmetry of F^ . Now we considerZ
d4x tr



























































A^; D^(@A^ + F^)
}
?








































which leads immediately to the Seiberg-Witten dierential equation (53).
C The commutator of covariant conformal Ward identity operators
An extremely lengthy calculation gives the following individual commutators of the Ward
identity operators in the covariant representation with the help of which one immediately







+ ~WD are representations of the conformal Lie algebra
(10). The Lie algebra closes only up to gauge transformations, which however are zero-
elements in the class of physically equivalent gauge potentials. We encourage the reader
to calculate one commutator involving ~W ? in order to experience the magic of the Seiberg-











  D^(fA^; F^g? − fA^; F^g?)
− 1
4





]A^ = −F^ − 12D^fX^ ; F^g? ; (C.3)
[ ~W T
A^;
; ~WD ]A^ =
1
2






]A^ = −14D^fX^ ; fX^; F^g?g? + 14D^fX^ ; fX^; F^g?g?
− i
2
  ([F^; D^F^]? + [F^; D^F^]?)
+ i
2
  ([F^; D^F^]? + [F^; D^F^]?) ; (C.5)
[ ~WR
A^;
; ~WD ]A^ =
1
4
D^fA^; fX^; F^g?g? − 14D^fA^; fX^; F^g?g?
+ i
2
  ([F^; D^F^]? + [F^; D^F^]?)
− i
2




]A^ = −18  D^fA^ ; fX^; F^g?g? + 18  D^fA^; fX^ ; F^g?g?
+ 1
8
  D^fA^; fX^; F^g?g? − 18  D^fA^; fX^; F^g?g?
+ i
4
  D^[F^; F^]? − i4  D^[F^; F^]?
+ i
2
  ([F^; D^F^]? + [F^; D^F^]?)
− i
2
  ([F^; D^F^]? + [F^; D^F^]?) ; (C.7)
[ ~WR;;
~WD ]A^ = −18  D^fA^; fA^; F^g?g? + 18  D^fA^; fA^; F^g?g?
+ 1
8
  D^fA^; fA^; F^g?g? − 18  D^fA^; fA^; F^g?g?
− i
4
  D^[F^; F^]? +
i
4
  D^[F^; F^]?
+ i
8
  D^[@A^ + D^A^; @A^ ]? − i8  D^[@A^ + D^A^; @A^]?
− i
8
  D^[@A^ + D^A^; @A^]? +
i
8
  D^[@A^ + D^A^; @A^]?
− i
2
  ([F^; D^F^]? + [F^; D^F^]?)
+ i
2









gfX^γ; F^g? − 12gfX^; F^γg?
− 1
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γ [F^; D^F^ + D^F^]? − i8   γ [F^; D^F^ + D^F^]?

































γ [F^; D^F^ + D^F^]?

























































γ [F^; D^F^ + D^F^]? − i8   γ [F^; D^F^ + D^F^]?

− ($ )− (γ $ ) + ($ ; γ $ ) ; (C.11)
[ ~WD
A^





]A^ = 0 ; (C.13)
[ ~WD ;





]A^ = D^F^ : (C.15)
D Proof of the Theorem
According to (68) we apply the derivation ~W^ to A represented by (72):
~W^A = ^ − ~W^()
1
1 + n






























 is the -independent part of ^, i.e. the commutative covariant conformal trans-
formation (23){(25) of A, and
^
(1)
; = n^ = n
~W^A^ = −[ ~W^; n]A^ + ~W^nA^
= −[ ~W^; n]A^ + ~W^()A(1); +  ~W^A(1); :
The commutator [ ~W^; n] is of the form









=  ~WΩ[^];Γ ; (D.3)
for some functional Ω[^]; of A^ and . The reason for this structure is that to the com-
mutator there is only a contribution if both ~W^ and n hit the same A^ or  in Γ and that
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[ ~W^; n](
) = 0 for the noncommutative conformal symmetries under consideration. For us
it is important that in (D.3) a factor  can always be factored out. With these considerations
and the fact that ~W^(






















































The last line is due to (72). To proceed one needs the explicit form of ~WΩ[^]; in the case
of translation, rotation and dilatation. Putting Γ ! A^ in (D.3) we see that ~WΩ[^]; is due
to n = −12 ~WD nothing but the part (C.4), (C.6), (C.8), (C.12) of the verication of the








~WΩ[^];A^ = D^^ (D.7)
with functionals ^ [A^; ] which can be read o in Appendix C. We do not need their
concrete form.
















D = @− iA + iA : (D.8)
The product between A[A^; ] and [^; A^; ] in the second line of (D.8) is the ordinary
product between (matrix-valued) functions and not the ?-product. The functional [^; A^; ]
is as in (72) obtained via






























This amounts to rst evaluating the series  using the Seiberg-Witten dierential equation
(53) for A^ and (63) for (
γ^γ) and to inserting for ^ the concrete functional according
to Appendix C afterwards.




in front of D annihilates A[A^; ] by construction and that the
commutator does not involve the ?-product. Therefore, 1
1+nθ









We have thus proved that the second line of (68), which describes the -expansion of non-
commutative covariant conformal Ward identity operators ~W^ applied to A, reduces to the
corresponding commutative covariant conformal transformations ~W^(0) of A given in (23){
(25), up to a commutative gauge transformation with a gauge parameter depending on A
and . Together with the standard conformal transformation (17){(19) of , which appears
explicitly in the action functional and which is covered by the last line of (68), we have proved
that the noncommutative covariant conformal transformations of a gauge-invariant action
functional Γ lead exactly to the corresponding commutative covariant conformal transfor-
mations of the -expansion of Γ.
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